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Molecular Weight Distributions in Polymerization 

JOHN A. HOWELL 

Chemical Engineering Department 
State University of New York at Buffalo 
Buffalo, New York 14214 

A B S T R A C T  

Molecular weight distributions corresponding to three separate 
termination kinetics a re  derived using an approximation which 
is valid for large degrees of polymerization. The derivation is 
straightforward and suitable for introducing students to the sig- 
nificance of kinetics on molecular weight distributions. 

Although the determination of the molecular weight and number 
averages, and hence the standard deviation of the distribution, is not 
difficult and has been known for some time, the presentation in 
standard texts does not always present the essential features of these 
distributions in ways which are very clear to the average student. 
The derivation presented here is approximate but accurate for long 
chains, neglecting te rms  of the order of l/(chain length). 

We will discuss three cases of polymerization. 

NO T E R M I N A T I O N  S T E P :  T H E  L I V I N G  P O L Y M E R  

Polypeptide polymerization kinetics are assumed to  be identical for 
each polymerization step. 
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726 HOWELL 

Initiation: p1 (0 )  is the concentration of the initiator which is 
provided initially, and it is assumed that at all t imes the total molar 
concentration of polymer is equal t o  the initial molar concentration 
of initiator 

ProDagation: 

where k # f ( n )  
P M + Pn kp Pn+l 

A molar balance on M yields for  the concentration, m, of monomer 

am/at = -k mpl (0 )  
P 

Therefore 

( 3 )  

m = exp[-k p ( O ) t ]  
P l  

A molar balance on the species P yields n 

apn/at = kpm (pn- - P,) (4) 

If we assume that n is a continuous variable (even though we are 
only interested in certain integer values) we can expand p in a Taylor series n 

apn 
a n  

Pn = P n - l  + - + 0 

then if we neglect the derivatives of o rde r  2 o r  greater ,  we obtain 

a 'n - k exp[-k P (081 - - -  apn 
a t  P P l  an 

(5) 

The solution of this equation is by the method of character is t ics  which 
points out that since 

aP aP d p = -  dt + - dn 
a t  an  

( 7 )  
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MW DISTRIBUTIONS IN POLYMERIZATION 727 

p is constant along the solution of the equation 

dn/dt = k exp[ -k p ( 0 )  t ]  

n (0)  = 1 
P P l  

The distribution thus remains the same as the initial distribution (a  
delta function), and the ratio of the weight-average molecular weight 
t o  the number-average molecular weight is 1. 

where 6 ( n )  is a delta function with the property 

J m f ( x )  6 ( n )  dx = f(n) 
0 

where n is defined by Eq. (8). 

present at any instant in t ime being of the same degree of 
polymerization. Since the ratio Mw/Mn is 1 + u (the standard devia- 
tion of the distribution) in this case, the standard deviation is thus 
zero. 

immediately voids our major assumption stated after Eq. (5), never- 
theless the conclusion that the distribution will be extremely sharp is 
valid since as soon as the distribution has broadened slightly the 
assumption becomes valid and a sharp distribution is thenceforward 
retained during the polymerization. 

In other words, the polymerization proceeds with all the polymer 

NOTE: Although the extreme sharpness of the distribution obtained 

F R E E  R A D I C A L  P O L Y M E R I Z A T I O N  

T e r m i n a t i o n  b v  D i s D r o D o r t i o n a t i o n  

The following kinetic scheme is assumed: 
Initiation: 

I - P , O  ki  

Propagation: 

kP p o  
M + Pi -  n +1 
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Termination: 

HOWELL 

Again, making a molar 

apnO/dt = mk (po p n-1 

balance on species P of concentration p n n 
m 

- PnO) - c ktP;Pjo 
j=l 

Then making the steady-state approximation and also assuming that 

0 0  P, - pnml = ap%n (14) 

we obtain a continuous distribution equation which can be readily 
integrated if we assume a slow consumption of monomer 

m 
O = pl0 exp[ -kta/k m]n where = P.' 

J j=l Pn P 

This is the distribution of the living polymer. 

describe the polymer distribution. Such functions a r e  evaluated at 
integral values of n to obtain the discrete distributions. 

with other living polymer. 

NOTE: Assumption (14) enables us to  use continuous functions to 

The dead polymer is then formed by reaction of this living polymer 

p d  = ktllpl exp[ -kt P/k m]n (16) P 

where 

ki PI = -[I] 
k m  
P 

and 

k. 

kt concentration 
Q 2  = 2 [ I ]  at pseudo steady state for the living polymer 
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MW DISTRIBUTIONS IN POLYMERIZATION 729 

Therefore 

where 

k 'm2 
P 

k M  Mak 
P P 

Evaluation of the molecular weight averages a r e  as follows 

and after integrating by par t s  

- 
Mn = l / P  

similarly 

Therefore 

- 
Mw/an = 2 (23) 

NOTE: Strictly, the integrals should be over the range 1 5 n 5 03 

but the extended range is acceptable for large n' 
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730 HOWELL 

T e r m i  n a t  i o n  b y  C o m b i  n a t  i o  n 

The following kinetic scheme is assumed 
Initiation: 

p, 
ki I- 

Propagation : 

(25) M + Pn 0 -P:+l kP n 2 1 

Termination: 

Pn" + P Okt_Pt  n+j (26 )  j 

The balance on the living polymer is the same  as in Case 2, but 
termination is given by the following expression since termination to  
give a chain of length n occurs  by combination of any two living chains 
whose lengths sum to  n. 

= y n e x p  -b 

If 

n >> 1; and where y = k p2 t l  

The molecular weight distributions are then given by 
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MW DISTRIBUTIONS IN POLYMERIZATION 

and integrating by parts 
- 
Mn = 2 / P  

Similarly 

and integrating by parts 

- 
Mw = 3/P 

Thus 

731 

(32)  

( 3 4 )  

- 
Mw/Mn = 3/2 if P <c 1 (large molecular weights) ( 3 5 )  

We thus see how the breadth of the distribution changes for different 
polymerization kinetics. 
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